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(0,2) ADE Models From Four Dimensions
David Kutasov and Jennifer Lin
EFI and Department of Physics, University of Chicago
5640 S. Ellis Av., Chicago, IL 60637, USA
Four dimensional N = 1 supersymmetric gauge theories with unitary gauge groups and
matter in the adjoint and fundamental representations give rise to a series of non-trivial
fixed points with an ADE classification. Many of these models exhibit generalizations of
Seiberg duality. Upon compactification on a two-torus with suitable background fields for
global U(1) symmetries, they flow at long distances to two dimensional theories with (0, 2)
supersymmetry. We study these theories, focusing on the two dimensional analogs of the
four dimensional dualities.
1. Introduction
In a recent paper [1], we studied a general construction that associates a two di-
mensional quantum field theory with (0, 2) supersymmetry to a four dimensional N = 1
supersymmetric field theory equipped with a global U(1) symmetry. This construction
involves a compactification of the four dimensional theory on a two-torus in the presence
of a constant background magnetic field and auxiliary D-field for the global U(1), that
together preserve half of the supersymmetry [2].
In [1] we applied this procedure to supersymmetric QCD with gauge group U(Nc)
coupled to Nf fundamental chiral superfields Q
i, Q˜i. We considered the case of even Nf
and took the U(1) global symmetry that figures in the construction to be the subgroup of
the SU(Nf ) × SU(Nf ) global symmetry group, U(1)e, that assigns charge +1 to half of
the Q’s and Q˜’s and −1 to the other half.1 We saw that in this case the theory flows in
the infrared to a non-trivial (0, 2) SCFT, and described some of its properties.
In particular, we investigated the effect of compactification on the Seiberg duality of
the four dimensional theory. It is a priori not obvious whether the four dimensional duality
descends to a two dimensional one. In [1] we assumed that this is the case, and found a
picture consistent with that assumption. At the same time, it would be nice to provide
further evidence for it.
The aim of this note is to take a step in this direction, by generalizing the discussion
of [1] to a larger class of four dimensional theories, which contain in addition to the fields
listed above two chiral superfields X , Y transforming in the adjoint representation of the
U(Nc) gauge group. As was pointed out in [3], this class of models gives rise to a large set
of non-trivial four dimensional N = 1 SCFT’s with an ADE classification. The different
theories are labeled by the superpotential of the adjoint fields, W (X, Y ), which takes the
form
Ô W
Ô
= 0
Â W
Â
= TrY 2
D̂ W
D̂
= TrXY 2
Ê W
Ê
= TrY 3
Ak WAk = Tr(X
k+1 + Y 2)
Dk+2 WDk+2 = Tr(X
k+1 +XY 2)
E6 WE6 = Tr(Y
3 +X4)
E7 WE7 = Tr(Y
3 + Y X3)
E8 WE8 = Tr(Y
3 +X5) .
(1.1)
1 For other choices of the global U(1) symmetry, supersymmetry is typically broken in the
quantum theory.
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For each theory there are upper and lower bounds on the number of flavors of fundamental
superfields for which the corresponding fixed points exist. For the Ak theories these were
found in [4-7], for Dk in [8], and for E7 in [9]. The general situation was discussed in [3].
The A and D series theories exhibit generalizations of Seiberg duality [4,5,6,8]. We
recently proposed an analog of these dualities for the E7 case [9]. One of our goals is
to investigate the consequences of these four dimensional dualities for the low energy two
dimensional (0, 2) theories obtained via the construction of [1]. In the next two sections we
discuss in turn the A and D series models. In section 4 we comment on the generalization
of the construction to the other theories in (1.1).
We find that the construction of [1] generalizes naturally to this larger class of theories.
We view this as further evidence for the picture proposed in that paper.
2. A series
The starting point of our discussion is a four dimensional N = 1 supersymmetric
gauge theory with gauge group U(Nc), coupled to Nf superfields in the (anti) fundamental
representation of the gauge group, Qi, Q˜i, i = 1, 2, · · · , Nf , and an adjoint chiral superfield
X . The Ak theory in (1.1) is obtained by turning on the superpotential
2
W = gTrXk+1. (2.1)
For k = 1, the superpotential (2.1) is a mass term for X , which thus decouples in the
IR, giving ordinary supersymmetric QCD. For k = 2, the coupling g (2.1) is marginal. It
becomes relevant in the presence of the gauge interaction when the theory is asymptotically
free (i.e. for Nf < 2Nc), and induces a flow to a new fixed point [4]. For k > 2, (2.1)
is superficially irrelevant, but it becomes relevant in the presence of the gauge interaction
when the number of flavors is sufficiently small [5,7,10]. This gives an upper bound on the
number of flavors for which the Ak fixed point exists (or, more precisely, is distinct from
the Â one).
The lower bound on Nf is due to the fact that the Ak theory only has a vacuum if
[4,5]
Nf ≥
Nc
k
. (2.2)
2 The second adjoint field Y is massive in this case, and thus can be omitted without changing
the infrared behavior.
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One way to see this is to deform the superpotential (2.1) to an arbitrary polynomial of
degree k + 1, W(x), with the same large x behavior. Since this deformation does not
change the leading behavior of the potential at infinity, it is not expected to change the
answer to the question of whether the theory has supersymmetric vacua.
For generic W, the potential for X has k distinct minima, the solutions of the F-
term equation W ′(x) = 0. Vacua are obtained by using gauge symmetry and the D-term
constraints to diagonalize X , and distributing the Nc eigenvalues among the different
minima. Classically there are many such vacua, in each of which the adjoint field is
massive and the low energy theory splits into N = 1 SQCD theories corresponding to
different minima of the potential. The number of colors in each minimum is given by the
number of eigenvalues of X placed in that minimum, while the number of flavors in all of
them is Nf .
Quantum mechanically, N = 1 SQCD has a vacuum only when the number of flavors
is larger or equal than the number of colors. Imposing this constraint on the theories
associated with the individual minima implies that in the deformed theory, and therefore
in the undeformed one as well, a vacuum exists if and only if (2.2) is satisfied (see [5,6] for
more detailed discussions).
field SU(Nf/2)1 SU(Nf/2)2 SU(Nf/2)3 SU(Nf/2)4 U(1)e
Q1 Nf/2 1 1 1 +1
Λ2 1 Nf/2 1 1 −1
Λ˜1 1 1 Nf/2 1 −1
Q˜2 1 1 1 Nf/2 +1
X 1 1 1 1 0
ΛX 1 1 1 1 0
Table 1: The quantum numbers of the light states of the Ak electric model.
To implement the construction of [1], we compactify the theory on a two-torus, and
turn on a magnetic field (and an appropriate auxiliary D field to preserve (0, 2) SUSY) for
U(1)e, the global symmetry that assigns charge +1 to half of the Nf flavors of Q, Q˜, and
3
−1 to the other half.3 The adjoint field X is not charged under U(1)e, due to the presence
of the superpotential (2.1).
The effects of the background B and D on all fields other than X were discussed in
[1], and will not be reviewed here. Since X is uncharged under U(1)e, it gives rise at
long distances to a (0, 2) adjoint chiral superfield that we shall also denote by X , and an
adjoint Fermi superfield ΛX . The resulting spectrum and transformation properties of the
low energy fields under the global symmetry are given in Table 1.
The four dimensional superpotential (2.1) gives rise in the low energy theory to a
(0, 2) superpotential (i.e. an interaction of the form
∫
dθ+W(0,2) + c.c.)
W(0,2) ∼ ΛXX
k . (2.3)
In addition to the fields in Table 1, the theory contains the adjoint superfields Σ,Υ, which
arise from the reduction of the four dimensional vector superfield, and are singlets under
all the symmetries listed in Table 1.
The classical Coulomb moduli space parametrized by the eigenvalues of Σ is replaced
in the quantum theory by a discrete set of vacua labeled by an integer N [1]. For given
N , the low energy theory is a direct product of theories with gauge groups U(N) and
U(Nc −N), and matter fields in the representations listed in Table 1. The parameter N ,
which naively takes value in [0, Nc], actually satisfies in general more stringent constraints
coming from stability of the vacuum in the quantum theory. These constraints can be
determined in the same way as in four dimensions, by deforming the superpotential (2.3)
to a more general one, ΛXW ′(X), with the same large X behavior as (2.3). For generic
W, the low energy theory splits in the infrared into decoupled theories of the sort studied
in [1]. Since these theories do not have a vacuum when the number of colors is larger than
that of flavors (which, as explained in [1], is Nf/2), the situation is very similar to the one
in four dimensions, and we conclude that the numbers of colors and flavors must satisfy
the constraint N ≤ kNf/2 for a supersymmetric vacuum to exist. Taking into account a
similar constraint from the U(Nc−N) theory, we conclude that the parameter N must lie
in the range
max(0, Nc −
k
2
Nf ) ≤ N ≤ min(Nc,
k
2
Nf ) . (2.4)
3 Thus, we take Nf to be even, as in [1]; a similar construction can be implemented for odd
Nf .
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This condition implies that the quantum theory has supersymmetric vacua if and only if
kNf ≥ Nc, just like its four dimensional ancestor (2.2). The number of discrete branches
of quantum vacua (different values of N which satisfy (2.4)) for given Nf , Nc in this range
is
Nbr =
{
kNf −Nc + 1 for
k
2Nf ≤ Nc
Nc + 1 for
k
2Nf ≥ Nc.
(2.5)
For k = 1, (2.4), (2.5) reduce to the corresponding results in [1]. In that case, the expression
for Nbr is invariant under the transformation Nc → Nf −Nc, which is a manifestation of
Seiberg duality in the two dimensional (0, 2) theory. For general k, (2.5) is invariant under
Nc → kNf −Nc, as might be expected from the duality of [4-6].
To calculate the central charges of the two factors in the low energy theory (for given
N) we again proceed as in [1]. Consider e.g. the theory with gauge group U(N). If the
number of flavors is in the range Nf ≥ 2N , the D-term conditions of the U(N) gauge
group allow us to turn on expectation values for the fields Q1, Q˜2 that break the whole
gauge group. In that case, the central charge receives contributions from two sources. One
is the massless components of the fundamentals, which contribute to the central charge
the amount 3(NfN − N2). The second is the adjoint superfield X , whose contribution,
3N2(1 − 2
k+1 ), is familiar from (2, 2) supersymmetric Landau-Ginzburg theory (see e.g.
[11,12]). Adding the two, we get
cR = cL = 3
(
NfN −
2N2
k + 1
)
. (2.6)
As mentioned above, this result is valid for Nf ≥ 2N . In [1] (i.e. for k = 1) this condi-
tion was required for stability of the vacuum, and therefore placed no limitation on the
discussion. For k > 1, (2.4) only implies that Nf ≥ 2N/k, so there is a range of values
of (N,Nf ), for which the above derivation of (2.6) does not apply. As we shall explain
shortly, it seems that the result (2.6) is valid in the whole range (2.4), but before providing
an argument for that, we want to point out a simple consistency check on it.
If we increase the number of colors N for fixed Nf , eventually the central charge (2.6)
becomes negative, which is inconsistent with the expected unitarity of the two dimensional
theory. However, eq. (2.4) provides an upper bound onN , N ≤ kNf/2, and it is interesting
to check whether the central charge is positive when this bound is satisfied. Substituting
N = kNf/2 into (2.6), we find c = 3kN
2
f /2(k+1), which is positive, as should be the case
if (2.6) is generally valid.
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A way to calculate the central charge of the infrared SCFT which does not rely on
our ability to completely Higgs the gauge group is to identify the U(1)R symmetry that
becomes part of the N = 2 superconformal multiplet in the infrared, and use the fact that
the U(1)2R anomaly is equal to cR/3. In our case, the U(1)R charges of Σ,Υ should be
taken to be equal to one for reasons explained in [1]. It is natural to assign charge zero
to the fields Q, Λ in the first four rows of Table 1, since at least some of the Q’s can be
thought of as parametrizing the quantum moduli space, and at infinity in this space behave
as free fields. The R-charges of X,ΛX can be obtained from c-extermization [13,14], or
from the standard discussion of (2, 2) Landau-Ginzburg theories [11,12], and are given by
1/(k + 1). With these charge assignments, the U(1)2R anomaly is given by
NfN −
2
k + 1
N2 , (2.7)
in agreement with (2.6).
field SU(Nf/2)1 SU(Nf/2)2 SU(Nf/2)3 SU(Nf/2)4 U(1)e
λ1 Nf/2 1 1 1 −1
q2 1 Nf/2 1 1 +1
q˜1 1 1 Nf/2 1 +1
λ˜2 1 1 1 Nf/2 −1
X̂ 1 1 1 1 0
Λ
X̂
1 1 1 1 0
(Mj)
1
1 Nf/2 1 Nf/2 1 0
(ΛMj )
1
1 Nf/2 1 Nf/2 1 0
(Mj)
2
2 1 Nf/2 1 Nf/2 0
(ΛMj )
2
2 1 Nf/2 1 Nf/2 0
(Mj)
1
2 Nf/2 1 1 Nf/2 +2
(ΛMj )
2
1 1 Nf/2 Nf/2 1 −2
Table 2: The quantum numbers of the light states of the Ak magnetic model.
As mentioned above, the four dimensional Ak gauge theory is believed to exhibit a
generalization of Seiberg duality [4-6]. The dual theory is a U(kNf−Nc) gauge theory with
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Nf chiral superfields in the (anti) fundamental representation qi, q˜
i, an adjoint field X̂, and
k gauge singlets Mj , j = 1, · · · , k, which transform in the bifundamental representation of
the SU(Nf )× SU(Nf ) flavor group. The magnetic superpotential takes the form
W ∼
k∑
j=1
Mj q˜X̂
k−jq + TrX̂k+1 (2.8)
where we omitted the coefficients of the different terms, since they will not play a role in
our discussion. The duality relates electric and magnetic chiral operators,
QXj−1Q˜↔Mj , TrX
j ↔ TrX̂j. (2.9)
Compactification to two dimensions with the background fields for the symmetry U(1)e
gives rise to a (0, 2) supersymmetric theory. The spectrum of this theory and transforma-
tion properties of its low energy fields (other than Υ,Σ) under the global symmetries are
given in Table 2.
The magnetic superpotential (2.8) reduces in the low energy theory to the (0, 2) su-
perpotential
W(0,2) ∼
k∑
j=1
(
(Mj)
1
1q˜
1X̂k−jλ1 + (Mj)
2
2λ˜
2X̂k−jq2 + (Λ
j
M )
2
1q˜
1X̂k−jq2
)
+Λ
X̂
X̂k. (2.10)
One can study the magnetic theory in two steps. First, turn off the couplings between the
magnetic mesons and the rest of the theory. Then, the magnetic mesons act as free spec-
tators; the rest of the theory becomes identical to the electric theory, with the replacement
Nc → kNf −Nc. Thus, it splits into discrete vacua labeled by the parameter N̂ that takes
value in the range (compare to (2.4))
max(0,
k
2
Nf −Nc) ≤ N̂ ≤ min(kNf −Nc,
k
2
Nf ). (2.11)
For given N̂ the low energy theory is a direct product of U(N̂) and U(kNf − Nc − N̂)
theories.
We can now couple the magnetic mesons to the resulting theory via the superpotential
(2.10). This is not expected to change the vacuum structure (2.11). As in [1], the relation
between N in the electric theory and N̂ in the magnetic one can be obtained by comparing
the various SU(Nf/2)
2 anomalies. One finds that
N̂ =
k
2
Nf −N. (2.12)
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This is compatible with (2.4), (2.11), and is related to the fact that the number of branches
of the quantum moduli space (2.5) is duality invariant.
To calculate the central charge of the low energy theory we need to identify the U(1)R
symmetry that becomes part of the superconformal multiplet in the infrared. To do that,
we can proceed as in [1]. Υ,Σ have R-charge one, and we shall again assume that the
diagonal mesons mass up in pairs (e.g. (Mj)
1
1 with (Λ
M
j )
1
1) and do not contribute to the
U(1)2R anomaly. The R-charges of the (Mj)
1
2 follow from the part of the operator map
(2.9) which descends to two dimensions,4
R
[
(Mj)
1
2)
]
=
j − 1
k + 1
. (2.13)
X̂,Λ
X̂
again have charge 1/(k+1). Finally, we assign to the magnetic quarks q2, q˜
1 charge
Rq, and to λ1, λ˜
2 charge Rλ. The magnetic superpotential (2.10) implies that Rq = −Rλ
and
R
[
(ΛMj )
2
1
]
= 1−
k − j
k + 1
− 2Rq. (2.14)
All R-charges are now determined by Rq. To determine it we assume, as in [1], that the
U(1)2R anomaly in the magnetic theory
Nf N̂(Rq−1)
2−Nf N̂R
2
q+
k∑
j=1
(
N2f
4
[
j − 1
k + 1
− 1
]2
−
N2f
4
[
1−
k − j
k + 1
− 2Rq
]2)
−
2
k + 1
N̂2,
(2.15)
should coincide with that in the electric theory, (2.7). This gives
Rq =
4N − kNf
2kNf
=
N − N̂
kNf
, (2.16)
generalizing the results of [1] to arbitrary k. As a check, the electric theory has a non-
vanishing U(1)eU(1)R anomaly
U(1)eU(1)R : −NNf . (2.17)
It is easy to verify that the U(1)eU(1)R anomaly for the magnetic theory with the above
charge assignments agrees with the electric result.
4 The j dependence of these R-charges can be understood directly in the magnetic theory. It is
due to the fact that the low energy effective Lagrangian has terms that involve the chiral operator∑
j
MjX̂
k−j.
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To summarize, we find that the results of [1] for SQCD generalize naturally to the
A series of four dimensional SCFT’s found in [4-6]. In particular, it appears that the
four dimensional duality described in these papers gives rise to a non-trivial identification
between different (0, 2) models in two dimensions. Some detailed elements of the picture
are different for general k than in the k = 1 case discussed in [1]. In particular, for small
Nf the electric theory no longer has the property that for large expectation values of the
fundamentals the gauge symmetry is completely broken and the theory becomes free. In
these cases, it is strongly coupled in the infrared everywhere on the quantum moduli space,
and in some cases a better description is the magnetic one. We next turn to the D series
where, as we shall see, some additional new features appear.
3. D series
The Dk+2 theory is obtained by adding to N = 1 SQCD two chiral superfields in the
adjoint representation of U(Nc), X, Y , with the superpotential (1.1)
W ∼ Tr
(
Xk+1 +XY 2
)
. (3.1)
This theory was studied in [8,3]. The stability bound (the analog of (2.2) for this case) is
Nf ≥
Nc
3k
. (3.2)
For odd k it can be derived in a way similar to that reviewed above for the A series,
by deforming the superpotential (3.1) to a generic polynomial with the same large field
behavior. For even k, (3.2) has not been derived classically, but it is believed to be valid
in the quantum theory; see [3] for a discussion.
Upon compactification and turning on the background fields we find a theory with
matter content similar to that of the Ak theory (Table 1), with an extra chiral and Fermi
multiplet pair Y , ΛY , and superpotential
W(0,2) ∼ ΛX
(
Xk + Y 2
)
+ΛY {X, Y } . (3.3)
One can repeat the discussion of the A series for this case. Vacua are again labeled by an
integer N ,
max(0, Nc −
3k
2
Nf ) ≤ N ≤ min(Nc,
3k
2
Nf ) . (3.4)
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The number of values that N takes is
Nbr =
{
3kNf −Nc + 1 for
3k
2
Nf ≤ Nc
Nc + 1 for
3k
2
Nf ≥ Nc .
(3.5)
For sufficiently large Nf the gauge group is again generically broken by the expectation
values of Q, Q˜, and the central charge can be computed at weak coupling to be
cR = cL = 3
(
NfN −
N2
k + 1
)
. (3.6)
This result can be alternatively obtained by assigning R-charges 0 to Q,Λ, 1 to Σ,Υ, 1
k+1
to X,ΛX and
k
2(k+1) to Y,ΛY .
A new element in this case is that as we increase N to the maximal value consistent
with (3.4), N = 3kNf/2, the central charge (3.6) becomes negative at some point. It does
so in a region in which the theory is strongly coupled in the infrared, and therefore it
is possible that continuing (3.6) there is unwarranted. However, it is not clear from this
perspective what does happen in this regime, and in particular why we are running into
this problem for the D series and not for the A series. To answer these questions it is
useful to employ a dual description.
The four dimensional theory with superpotential (3.1) has a dual description found in
[8]. The gauge group is U(3kNf −Nc); the matter chiral superfields include two adjoints
X̂, Ŷ , Nf magnetic quarks q, q˜, 3kN
2
f singlets (Mℓj)
i
i˜
, ℓ = 1, · · · , k, j = 1, 2, 3, i, i˜ =
1, · · · , Nf , and the superpotential
W ∼ TrX̂k+1 + TrX̂Ŷ 2 +
k∑
ℓ=1
3∑
j=1
Mℓj q˜X̂
k−ℓŶ 3−jq . (3.7)
The magnetic mesons correspond to the electric chiral operators
Mℓj ↔ Q˜X
ℓ−1Y j−1Q, ℓ = 1, 2, · · · , k; j = 1, 2, 3. (3.8)
Applying the procedure of [1] to this theory, we find a two dimensional (0, 2) theory that
is similar to the one in [1], and in the previous section. The magnetic mesons Mlj , which
are Nf ×Nf matrices, split into (Nf/2)×(Nf/2) components (Mlj)βα, α, β = 1, 2, as in [1].
The diagonal components, (Mlj)
α
α, α = 1, 2, are uncharged under U(1)e and thus give in
two dimensions chiral and Fermi multiplets, while the off-diagonal ones give either chiral
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or Fermi multiplets, depending on the sign of the charge. The magnetic superpotential
(3.7) gives in two dimensions the (0, 2) superpotential
W(0,2) ∼
k∑
ℓ=1
3∑
j=1
(
(Mℓj)
1
1q˜
1X̂k−ℓŶ 3−jλ1 + (Mℓj)
2
2λ˜
2X̂k−ℓŶ 3−jq2 + (Λ
M
ℓj )
2
1q˜
1X̂k−ℓŶ 3−jq2
)
+ Λ
X̂
(
X̂k + Ŷ 2
)
+Λ
Ŷ
{X̂, Ŷ } .
(3.9)
Vacua of the magnetic theory are again governed by an analog of (3.4), with Nc → 3kNf −
Nc and N → N̂ . The analog of (2.12) relating the electric and magnetic vacua obtained
from the matching of [SU(Nf/2)
2] anomalies is
N̂ =
3k
2
Nf −N . (3.10)
The central charge (3.6) can be obtained by studying the superconformal U(1)R. The
R-charge of the (0, 2) chiral superfield M12 follows from the operator map (3.8),
R[(Mℓj)
1
2] =
2(ℓ− 1) + k(j − 1)
2(k + 1)
. (3.11)
We again assign R-charge Rq to the magnetic quarks, and express the charges of other
fields in terms of it using the constraints described in [1], and in the A series discussion
in the previous section. For example, the charge of the Fermi superfields Λ21 that follows
from the superpotential (3.9) is
R
[
(ΛMℓj )
2
1
]
= 1−
2(k − ℓ) + k(3− j)
2(k + 1)
− 2Rq. (3.12)
Plugging in these charges into the U(1)2R anomaly, one finds
U(1)2R : Nf N̂(Rq − 1)
2 −Nf N̂R
2
q +
N2f
4
k∑
ℓ=1
3∑
j=1
([
2(ℓ− 1) + k(j − 1)
2(k + 1)
− 1
]2
−
[
1−
2(k − ℓ) + k(3− j)
2(k + 1)
− 2Rq
]2)
−
1
k + 1
N̂2.
(3.13)
Equating this to the electric result for cR/3 (3.6) gives
Rq =
4N − 3kNf
6kNf
=
N − N̂
3kNf
. (3.14)
11
As in the other examples, the U(1)eU(1)R anomaly of the electric theory (2.17) and the
magnetic theory,
N2f
2
k∑
l=1
3∑
j=1
[
2(ℓ− 1) + k(j − 1)
2(k + 1)
−
2(k − ℓ) + k(3− j)
2(k + 1)
− 2Rq
]
− N̂Nf = −NNf , (3.15)
agree as well.
It is interesting to revisit in the magnetic language the problem of negative central
charge discussed in the electric language after (3.6). When N approaches 3kNf/2, the
magnetic theory satisfies N̂ ≪ Nf/2. Thus, the gauge dynamics is expected to be weakly
coupled there, and the question we should address is what is the role of the Yukawa
couplings in (3.9). In particular, consider the last term on the first line of that equa-
tion, the coupling of the gauge singlet Fermi superfields (ΛMlj )
2
1 to the magnetic quarks.
Before coupling the magnetic mesons, the operator to which (ΛMlj )
2
1 eventually couples,
q˜1X̂k−ℓŶ 3−jq2, has R-charge
Rlj =
k − l
k + 1
+
(3− j)k
2(k + 1)
. (3.16)
In order for the coupling to (ΛMlj )
2
1 to be relevant, this R-charge must satisfy the inequality
Rlj < 1. It is easy to see that this inequality is satisfied by roughly half of the operators:
all those with j = 3, and those with j = 2 and l > (k/2)− 1. For the rest, our assumption
that the R-charge of ΛM is determined by the last term on the first line of (3.9) is incorrect.
What does happen to these operators depends on their other interaction, but the magnetic
description makes it clear that for small N̂ the analysis needs to be modified.
4. Other cases
In the previous sections we discussed the Ak and Dk+2 theories from the ADE classi-
fication of 4d N = 1 SQCD theories (1.1). Here, we would like to briefly comment on the
application of the procedure of [1] to the other examples in (1.1).
As before, for sufficiently large Nf the central charge of the low energy (0, 2) theory
can be calculated by taking the expectation values of the fundamentals to be large and
using the fact that the gauge group is then completely broken. This gives
cR = cL = 3(NfN −N
2) + cXYN
2 (4.1)
12
where cXY is the central charge of the corresponding N = 2 minimal model [11,12],
Ô 6
Â 3
D̂ 3
Ê 4
E6 5/2
E7 8/3
E8 14/5 .
(4.2)
For the first four entries in (4.2), cXY ≥ 3, which implies that the central charge (4.1) is
positive for all (N,Nf ). This is compatible with the expectation that in four dimensions
these theories have a stable supersymmetric vacuum for all Nf , since as we saw the lower
bound on Nf (e.g. (2.2),(3.2)) is the same in two and four dimensions. For the E series
theories (the last three entries in (4.2)), cXY < 3, so positivity of (4.1) places a constraint
on Nf . Indeed, in these cases one expects the number of flavors for which the four dimen-
sional theory has a supersymmetric vacuum to be bounded from below [3]. In fact, the
classification (1.1) makes it natural to expect that E series theories satisfy some type of
Seiberg duality.
In [9] we conjectured such a duality for the E7 theory. The electric theory is N = 1
SQCD with gauge group U(Nc), two adjoint chiral superfields X, Y , and superpotential
W ∼ Tr
(
Y 3 + Y X3
)
. (4.3)
The four dimensional stability bound is Nf ≥ Nc/30. Upon compactification and turning
on the background fields, we find the same matter content as in the D series, but with the
superpotential
W(0,2) ∼ ΛX
(
X2Y +XYX + Y X2
)
+ ΛY (Y
2 +X3) . (4.4)
We expect the vacuum structure of the two dimensional theory to be similar to the previous
examples, with the vacua labeled by an integer N that takes value in the range
max(0, Nc − 15Nf ) ≤ N ≤ min(Nc, 15Nf ) . (4.5)
The dual description [9] has gauge group U(30Nf −Nc), two adjoints X̂, Ŷ , Nf magnetic
quarks q, q˜, and 30 magnetic mesons Mj , j = 1, . . . , 30 corresponding to electric operators
Q˜ΘjQ where the Θj are specified in [9]. There is also a magnetic superpotential. Applying
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the procedure described above, we find again a two-dimensional (0,2) theory. The U(1)2R
anomaly in the (0,2) magnetic theory turns out to be
U(1)2R : Nf N̂(Rq − 1)
2 −Nf N̂R
2
q +
N2f
4
30∑
j=1
[(rj
2
− 1
)2
−
(
1−
rj
2
− 2Rq
)2]
−
1
9
N̂2 ,
(4.6)
where rj , j ∈ 1, . . . , 30 are the R-charges of Θj in four dimensions, that can be read off
from [9]. Matching to the central charge of the electric theory (4.1) then implies that
Rq =
N − N̂
30Nf
. (4.7)
The form of (4.7) guarantees that the U(1)eU(1)R anomaly of the electric and magnetic
theories are both equal to −NNf .
As in the D series, there is a region in (4.5) where the central charge (4.1), (4.2) is
negative. As there, the electric theory is strongly coupled in that regime, and the problem
is resolved by noting that the magnetic superpotential includes some irrelevant couplings.
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